5-5-1 Pythagorean Theorem
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 Cut out 4 identical right triangles.  
             


Label the hypotenuse of each triangle "c", the short side "a", and the remaining side "b". 





 Arrange them in a square the 90( angles as the corners.                       








Trace and cut out the large outside resulting square.         

Arrange the triangles on top to the square as shown.  Notice the area of the square that is not covered by the triangles is c2.

 




Now move the triangles to the new position shown.

Notice the area not covered is now a2+b2

The areas are the same so a2+b2=c2
Some students will cut out long thin right triangles; others might even cut out an isosceles right triangle. This proof will still work.

Now look again at the first arrangement again.

The total area is (a+b)2 remember: A=lw  One side of the square is a+b.

Also, total area is the area of triangles plus the area of the inner square.

4(1/2ab)2    is the area of four triangles.  c2 is the area of the square in the first arrangement.

(a+b)2=4(1/2ab)+c2

a2+2ab+b2=2ab+c2

a2+b2=c2

5-5-2 Working with the Pythagorean Theorem

The short sides of a right triangle are called legs.  The long side is the hypotenuse.

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	



The theorem says for this triangle with one leg 3 units long and another  leg 4 units long, the hypotenuse can be found by 32+42=c2  This simplifies to 9+16=c2.

                                                      So 25=c2. c, the hypotenuse must be 5

                                  units long.

Example: Find the length of the hypotenuse for a right triangle with legs 55 feet and 48 feet.

Solution: Because the triangle is a right triangle and two dimensions are known, use the Pythagorean Theorem.

a2+b2=c2  so 482+552=c2  The 48 and 55 could be switched.

                                
                         2304+3025=c2 

5329=c2  Now take the square root of both sides       73=c       of the equation. 

A problem has to specify the triangle is a right triangle.  It could say there is one ninety degree angle, or it could draw a picture with a little square in one corner of a picture of a triangle.

Practice: Find the hypotenuse for each set of legs given for these right triangles.

	a) 3 in. and 4 in.


	24 cm and 7 cm
	6 ft. and 8 ft.

	b) 21 m and 20 m


	45 in. and 28 in.
	65 mm and 72 mm

	c) 5 miles and 12 miles


	30 yards and 40 yards
	91  furlongs and 60 furlongs

	d) 75 ft. and 100 ft.


	80 in. and 84 in.
	30 ft. and 16 ft.


In the next problems the answer will not be an integer. Round the calculator answer to the nearest hundredth.

	e) 2 in. and 2 in.


	4 cm and 7 cm
	6 ft. and 6 ft.

	f) 10 m and 5 m


	1 in. and 1 in.
	6.5 mm and 7.2 mm

	g) 5 miles and 9 miles


	1 yards and 8 yards
	8.4  furlongs and 6.2 furlongs

	h) 1/3 ft. and 1/3 ft.


	2 1/4 in. and 7/8 in.
	½ ft. and ¾ ft.


Problems are more complicated if one leg and the hypotenuse is known and the measurement of the other leg is what is asked.



The hypotenuse is 265 feet and one leg is 23 feet.  What is the length of the other leg?

Use the Pythagorean Theorem a2+b2=c2    (23)2 + b2 = (265)2
This simplifies.                                          529 + b2 = 70225

Subtract 529 form both sides.                              b2 =  69696

Take the square root of both sides.                       b = 264 feet

Because a length is needed, only the positive root is used for an answer.

Practice: Find the other leg of each right triangle for the given leg and hypotenuse.

	a) leg 4 in. and hypotenuse 5 in.


	leg 12 cm. and hypotenuse 13 cm.


	leg 72 m. and hypotenuse 97 m.


	leg 21 in. and hypotenuse 29 in.



	b) leg 51 in. and hypotenuse 149 in.


	leg 84 in. and hypotenuse 116 in.


	leg 42 in. and hypotenuse 58 in.


	leg 65 in. and hypotenuse 97 in.



	c) leg 1 3/5 in. and hypotenuse 3 2/5 in.


	leg 0.5 cm and 

hypotenuse 1.3 cm
	leg 3/4 in and hypotenuse 1 ¼ in.
	leg 0.68955 m and hypotenuse 1 m.

Use a calculator and approximate.


Practice: Solve the following problems using the Pythagorean Theorem.

	d) A septic tank is on one corner of a lot.  The owner wants to drill a well in the opposite corner. By code these must be 100 feet apart. Unfortunately the house is between the septic tank and the well, so direct measurement is impossible.  Using the drawing of the house, well, and tank decide if the well and tank are at least 100 feet apart.
	
[image: image1]

	e) Jack needs to know how much decorative trim to cut for an awning.  He can hook his tape measure from the peak of the roof, but he would be unable to use one ladder to measure the slanted length. Use the drawing to find the length needed.
	
[image: image2]


5-5-3 Distance

Find the distance between the points (-2, 3) and (1, -1).

														
														
														
														
														
														
														
								
						
														
														
														
														
														
														

	
	The points are plotted here.

Draw a right triangle using the line between the points as the hypotenuse.

One leg is 3 units long and the other is 4 units long.

Because this is a right triangle, Pythagorean Theorem can be used to find the length of the hypotenuse which is also the distance from one point to the other.
	





	  32+42=d2    9+16=d2     25=d2  so d(the distance) is 5 units


Using the points (-2, 3) and (1, -1) we can do the same thing.  Think about the horizontal leg that is 3 units long.  Which part of the point, x or y, talks about the horizontal? x.

The x components of the points are -2 and 1.  To find a difference, subtract 1-(-2) = 3.

For the vertical use the y values, 3 and -1.  -1-3 = -4 This looks like it might be a problem, but the numbers in the Pythagorean theorem are squared and (-4)2 is the same as 42.

For any combination of points (x1, y1) and (x2, y2) subtract to find the lengths of each leg in the right triangle,  x2 - x1 and y2 - y1.  

Square these values, (x2 - x1)2 and (y2 - y1)2. This is the same as a2+b2 part of the Pythagorean Theorem.

The Pythagorean Theorem says d2=(x2 - x1)2 + (y2 - y1)2
The last step in solving for the hypotenuse is taking the square root.  This gives the distance formula . 
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It doesn't matter which point you choose for point one or point two.

Example: Find the distance between (2, 8) and (-3, -4).  
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Practice:  Find the distance between each set of points. The first two have a set up to follow.

	a)  (0, 0) and  (20, 21)
	(3, 7) and (-5, 1)
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	b)  (0, 0) and  (3, 4)


	(0, 0) and  (-6, -8)
	(-5, -1) and  (7, 4)
	(-1, 5) and  (7, -1)

	c)  (0, 0) and  (-5, -12)


	(-6, -8) and  (1, 16)
	(5, -8) and  (-10,0)
	(12, 0) and  (0, 16)

	d)  (-4, -5) and  (0, -8)


	(0, 0) and  (11, 60)
	(1, 3) and  (3, 4 ½)
	(½ , ½ ) and  (0,-1 3/8)

	The next problems will not necessarily work out with a rational answer.  Round the calculator answer to the nearest hundredth.

	e)  (5, 8) and  (4, 7)


	(15, 71) and  (14, 35)
	(8, 9) and  (42, 36)
	(15, 15) and  (8, 8)

	f)  (-1, 8) and  (-4, 3)


	(-5, 1) and  (-1, 5)
	(-12, 9) and  (-2, 6)
	(-15, 4) and  (-8, 12)

	g)  (-5, 5) and  (4, -8)


	(-6, 12) and  (17, -8)
	(-8, 0) and  (2, -6)
	(-15, 9) and  (7, -8)

	h)  (-5, -8) and  (-4, -7)


	(-5, -7)   (-4, -5)
	(-8, -14) and  (-16, -26)
	(-3, -3) and  (-17, -13)

	Work the fractions problems all the way out until the square root step for the fraction practice. Then use the calculator to get an approximate answer.  Round to the nearest thousandth.

	i)  ( 2 1/3, 4/5)  (5/10, 2/3)
	(3/8, 7/8) and (3/4, ½)
	(5/8, 1/3)  (2/3, 7/8)


	(5 ½, 3 2/5) (1 3/5, 2 3/5)

	j) (-2 1/3, 4/5)  (5/10,- 2/3)
	(-3/8, 7/8) and (3/4,- ½)
	(-5/8, 1/3)  (2/3,- 7/8)


	(-5 ½, 3 2/5) (1 3/5, -2 3/5)


For the following, plot the set of points. Find the distance between the points and the slope of the line between the points.

k)  (4, 8) and (9, 13)               (0, 0) and (2, 5)                 (10, 18) and ( 24, 10)

l) (102, 145) and (50, 50)        (29, 98) and (42, 38)             (14, 75) and 35, 49)

m)  (-4, 8) and (-9, 13)               (0, 0) and (2, -5)                 (10, -18) and ( -24, 10)

n) (-102, -145) and (-50, -50)        (-29, -98) and (42, 38)             (14, 75) and (-35, -49)
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